This paper describes studies of the near tip fields and the effects on void growth rates for a steadily advancing crack through a ductile metal in the presence of hydrogen, under plane-strain and quasi-static conditions. The computational model determines directly the deformation history of a steadily propagating crack without the need for a priori (transient) analysis that considers blunting of the pre-existing stationary crack and subsequent growth through the associated initial plastic zone. The present approach enables straightforward investigation over a range of geometric constraint configurations encountered in test specimens and structural components by application of a far field K I À T loading. The ductile crack propagation simulated in these studies represents that observed in a high-solubility model material, where the diffusion rate can sustain equilibrium of the hydrogen concentration ahead of the steadily propagating crack tip. The constitutive model accounts for the influence of hydrogen on the elastic-plastic regimes of material response at the continuum level, e.g. hydrogen-induced material softening. The model reflects the amount of hydrogen in the material under stress and the intensity of hydrogeninduced softening in the material. The hydrogen influenced, crack front fields serve as input to an exponential-based characterization of void growth rates which provides qualitative estimates for the impact of hydrogen on tearing resistance curves. The analyses suggest significantly higher void growth rates exist in a hydrogen-charged material than in a hydrogen free material, with a corresponding reduction in tearing resistance in the presence of hydrogen regardless of the level of imposed constraint.
Introduction
The rising interest in hydrogen as a fuel motivates new concerns for the design and maintenance of facilities employed in the manufacture, transport, and storage of hydrogen. Structural metals exhibit mechanical properties that often differ in hydrogen charged and hydrogen free conditions, e.g. the detrimental effect of hydrogen on the resistance to the propagation of crack-like defects (Robinson and Stoltz, 1981) . Well-understood methodologies of defect assessment appropriate for hydrogen free metals will likely require modifications in the presence of hydrogen to reflect metallurgical scale effects. For example, the conventional view of fracture behavior in ductile metals at engineering scales neglects complex interactions that may develop between the mechanical fields and materials in the presence of hydrogen. A key component of defect assessment strategies thus requires an understanding of the engineering behavior and failure mechanisms of hydrogen charged metals.
Ductile crack propagation occurs in metals most often by the growth of micro-voids ahead of the crack tip that coalesce to form new crack surfaces. High triaxiality levels and large plastic strains accelerate void growth (Rice and Tracey, 1969) and lead to the onset of void coalescence. Hydrogen facilitates plastic deformation by increasing dislocation velocities which leads to a local flow stress reduction that influences both the local triaxiality and plastic strain in a complex manner. Changes in the local triaxiality and plastic strain in the presence of hydrogen impact void growth rates at the metallurgical scale and the resistance to macroscopic crack extension at the engineering scale. Studies that describe crack propagation in ductile metals enriched by hydrogen may examine, for example: cyclic fatigue growth, growth emerging from a plastically deforming-blunting crack tip, crack advancement under a sustained load, or slow stable tearing under increased load. The present study focuses on steady crack extension outside the region of material influenced by initial blunting of the pre-existing stationary crack when the tearing resistance approaches a constant value. Such steady-state growth conditions at constant front loading, and where the diffusion rate can sustain equilibrium of the hydrogen concentration ahead of the propagating crack tip, represent the classical Stage II regime of sustained load crack growth (Wei et al., 1984) .
Various numerical studies examine the characteristics of a steadily propagating crack in an elastic-plastic material based on a small-scale yielding (SSY) formulation first suggested by Dean and Hutchinson (1980) . Their method integrates the steady-state constitutive relations along planes parallel to an advancing crack tip. Freund and Douglas (1982) extend this method to rapidly propagating cracks including inertial forces and, using a critical strain-characteristic distance criterion, generate toughness vs. crack velocity curves in good agreement with experimental results. By imposing positive and negative T-stress conditions in the SSY framework, Varias and Shih (1993) determine that key values of stress field ahead of an advancing crack decrease with non-zero values of the remotely imposed T-stress. Landis et al. (2000) incorporate a rate dependent, cohesive zone ahead of a propagating crack in an elastic-viscoplastic material; their computations indicate that the steady-state toughness may increase or decrease with increasing crack tip velocity. For cracks propagating within a weld, Niordson (2001) employs a cohesive zone model and finds that thinner welds lead to higher values of crack driving force and that crack propagation slightly outside of the weld metal generates lower driving forces. Ferracin et al. (2003) extend the steady-state formulation to include finite rotation effects, while retaining small deformation kinematics, to determine the cohesive zone properties of an adhesive bonding two sheets of metal that deform plastically. In a key finding that simplifies models for steady-growth, the asymptotic analyses of Reid and Drugan (1993) demonstrate that the size of the blunting region for propagating cracks remains significantly smaller than for a stationary crack, thereby minimizing the need to incorporate finite deformation effects.
The hydrogen enhanced, localized plasticity mechanism (HELP) represents a viable model for hydrogen-induced material degradation (Beachem, 1972; Birnbaum and Sofronis, 1994) . Over a range of temperatures and strain rates, hydrogen decreases the barriers to dislocation motion (Shih et al., 1988; . Both experimental observations Robertson, 2001 ) and theoretical calculations (Birnbaum and Sofronis, 1994; Sofronis, 1995; Sofronis and Birnbaum, 1995) support this interpretation. Thus, the amount of plastic deformation increases within regions of hydrogen accumulation, and, consequently, the fracture event becomes a highly localized process of ductile rupture-not an embrittlement (Birnbaum et al., 1997) . Sofronis et al. (2001) argue that a critical question remains unresolved: how hydrogen-induced material softening at the microscale promotes shear localization at the macroscale with concomitant ductile fracture. Clearly, hydrogen-induced softening promotes inhomogeneous plastic deformation (Birnbaum et al., 1997) , but the mechanistic means by which hydrogen promotes localization of plastic flow remains unclear. Finite element simulations indicate complex interactions of the localized material response and geometric constraint in hydrogen-charged materials. Taha and Sofronis (2001) calculate the hydrogen concentrations ahead of a stationary, blunting crack under SSY conditions and in a four-point bend specimen for a non-softening material in the presence of hydrogen. For softening materials, Sofronis et al. (2001) predict the conditions for development of shear bands in the presence of hydrogen. Liang et al. (2004) study the influence of material softening, the level of imposed constraint via the T-stress, and the concentration of initial hydrogen on the void growth rates ahead of a stationary, blunting crack. As predicted in a SSY analysis by Ahn et al. (2007a,b) , propagating cracks in a hydrogen-charged material exhibit reduced fracture toughness and tearing resistance during the early stages of crack extension within the initial blunting field. The present work extends the efforts of Ahn et al. (2007a,b) to represent larger amounts of ductile crack extension when steadystate conditions prevail also in a hydrogen-charged material, with the hydrogen concentration in equilibrium. When the crack-tip velocity, material properties and loading preclude the equilibrium of hydrogen concentration adopted for the present analyses, the interaction effects must be included as in the work of Dadfarnia et al. (2009) for austenitic steels in which hydrogen diffusion is extremely slow. From experimental work, Wei and colleagues (1984) conclude that hydrogen diffuses very rapidly through systems such as ferritic steels and that steady crack growth approaching 1 mm/s is sustainable without diffusion limitation. Hence, the assumption of equilibrium conditions for hydrogen ahead of a steadily propagating tip is a valid one for systems in which hydrogen diffuses fast.
This paper begins with a description of the computational model for steady-state crack growth in SSY conditions and the material constitutive model that reflects hydrogen-induced softening. The following section describes key features of the near tip fields ahead of a steadily propagating crack as influenced by the hydrogen-induced initial reduction of the yield stress, the initial hydrogen concentration in the stress-free material, and the imposed constraint modeled through the T-stress. These crack tip fields drive a simple, damage parameter for void growth as described in the next section to examine the influence of hydrogen on crack growth resistance. The final section summarizes the major results and conclusions of the present study. Two appendices present additional details for the steady-state formulation and the constitutive implementation of the effect of hydrogen on the plastic deformation in the material. A crack propagates under steady-state conditions if the displacements, stresses, and strains remain invariant with respect to an observer situated at the crack tip. Further, the crack extends in an infinite domain consisting of an elastic-plastic material, and thus reflected stress waves for rapid crack propagation never interact with the crack tip region. The crack has grown a sufficient distance from the initiation site that the effects of early growth through the initial blunting region do not affect the near tip solution. In the present study, the crack tip advances at a constant, sufficiently small velocity that inertial and rate effects can be ignored, i.e. quasi-static conditions prevail. Finally, the adoption of infinitesimal strain theory implies a crack tip that remains sharp under deformation in accordance with the Reid and Drugan (1993) asymptotic results.
We compute the solution to this boundary value problem using the algorithm proposed by Dean and Hutchinson (1980) , as outlined in Appendix A. The element centroids align with streamlines parallel to the direction of crack propagation and for all analyses are arbitrarily set along the X 1 axis. As described in Appendix A, movement of material along streamlines in the direction opposite of the crack propagation equals time incrementation of a fixed point. By adapting this concept to the boundary value problem, the algorithm computes stresses and inelastic strains along the streamlines caused by the propagating crack. Since a refined mesh near the crack tip is required for accurate solutions, the existence of algorithmic streamlines necessarily leads to poor element aspect ratios far from the crack tip-nevertheless, numerical experiments confirm that they have negligible effect on the solutions. Fig. 1 illustrates the computational domain defined by a rectangle with the crack tip centered at the origin of the X 1 X 2 axes. The boundaries of the finite element model extend a distance greater than 60 times the size of the plastic zone for a steadily propagating crack in a hydrogen free material under an imposed, remote Tstress of zero. Crossed, constant strain triangles numbering 180,000 comprise the finite element mesh, and there exists a highly refined mesh of 150 Â 75 quadrilateral elements of crossed triangles of uniform size and shape within a region 0:3 Â 0:15 times the plastic zone size immediately ahead of the crack tip. Less refined regions connect the near tip regions to the remote boundary. More recent solutions that employ quadratic (8-node) elements reveal no effect of element type at these levels of mesh refinement. The applied loading on the remote, rectangular boundary consists of the K À T displacement terms of the plane strain, mode I asymptotic expansion (listed in Appendix A).
Overview of the constitutive model including hydrogen effects
The constitutive model couples the mean stress, hydrogen concentrations, and strain hardening to update stresses given the history of deformation and the increment of strain. Hydrogen in a metal enhances plastic flow by intensifying dislocation mobility, which produces highly localized material softening at the microscale. Sofronis and Birnbaum (1995) describe the micromechanical details; Appendix B, Sofronis et al. (2001) , and the WARP3D documentation (Gullerud et al., 2007) provide additional details of the constitutive model that reflects hydrogen-induced softening.
For the present studies of crack propagation, the steady-growth computations adopt the properties of a hydrogen charged, model material with high solubility and relatively high diffusivity as summarized in Table 1 (for example, niobium). We do not fix the intensity of hydrogen-induced softening and the initial hydrogen concentration, and vary these quantities over a range of values to examine differing mechanical behavior. Table 2 
Material softening follows an assumed relationship:
where n denotes a material softening parameter ð6 1Þ that describes the intensity of hydrogen-induced softening; and r 0 defines the initial yield stress of the material in the absence of hydrogen. When n ¼ 1 or c ¼ 0, the material does not soften. Eq. (2) defines in a continuum sense a local reduction of the yield stress with hydrogen concentration that agrees with experimental observations (Tabata and Birnbaum, 1983; Meyers et al., 1992) of the hydrogen effect on the flow properties of materials at the microscale. The model limits allowable values of n and c to insure a positive, fractional reduction of r 0 . Table 2 indicates at most a 10% reduction without loading for the range of specified n and c 0 L values, where c 0 L denotes initial hydrogen concentration (H/M) in normal interstitial lattice sites (NILS) in the absence of stress. The combined values of specified n and computed c max under loading must also lead to acceptable reductions in the yield stress (for the present analyses this corresponds to a maximum 21% reduction). Eq. (2) and the range of values we use here for the parameter n describe, in a macroscopic sense, the observed hydrogen effect at the microscale. This phenomenological model for the flow stress can be improved to reflect a more complex, dislocation-based constitutive response. Hydrogen does not affect Young's modulus or Poisson's ratio in this model.
The applied mechanical load influences the amount of hydrogen present in the material. For a constant absolute temperature, H, the local mean stress, r m , controls the equilibrium constant,
where V H signifies the partial molar volume of hydrogen; and R is the gas constant which equals 8:31 J=mol K. The relationship between the current hydrogen occupancy at NILS, h L , and the initial occupancy h 0 L , follows the equilibrium relationship (Li et al., 1966) :
The hydrogen occupancy at trapping sites, h T , is a function of the occupancy at NILS, according to the equilibrium model of Oriani (1970):
where the constant K T depends on the trap binding energy, W B , and the temperature. The total hydrogen concentration, c ¼ cðh L ; h T Þ, used in Eq. (2), can then be determined using the relations found in Appendix B.
Under loads insufficient to cause plastic yielding, the total hydrogen concentration, c ¼ cðh L ; h T Þ, and thus the initial yield stress, r y ðe p ¼ 0; cÞ ¼ r 0 ðcÞ, vary over the computational domain with the local mean stress following Eq. (3). Young's modulus and Poisson's ratio are not affected, and material remote from the crack tip approaches an isotropic and linear-elastic constitutive response (with each material point having a potentially different yield stress). Thus the SSY assumptions of a plastic region well contained in linear-elastic domain ahead of the advancing crack tip remain applicable. Appendix B provides additional details of the constitutive model; Appendix A details the steady-growth formulation for the boundary value problem.
Hydrogen-plasticity interactions for a growing crack
This section describes stress and strain fields ahead of a steadily advancing crack tip in a material with a high solubility of hydrogen. The first subsection investigates the existence of self-similar behavior of the near tip fields ahead of stationary and propagating cracks. The following subsections examine the influence of constraint, hydrogen concentration, and material softening on mean stress, triaxiality, and equivalent plastic strain, respectively, along the ligament ahead of a steadily propagating crack. Table 2 lists the sets of material parameters used in this study along with the corresponding flow stress, r y ð0; c 0 L Þ, determined from Eq. (2). The parameters are relevant to the niobium system as data are readily available. The generality of the present approach makes possible the ready application to other high diffusivity systems.
3.1. Self-similarity of near tip fields 2 Þ and T-stress equal to zero. The stationary crack solutions are obtained using the finite element code (WAPRP3D) and the same constitutive model incorporating hydrogen effects on local plastic flow. The stationary crack solutions reflect plane-strain conditions and a small-strain theory formulation as adopted for the steadily growing crack computations.
Similar to the response for a material without hydrogen, the near tip stress fields for both the stationary and growing cracks exhibit strongly self-similar behavior when distances from the tip are scaled by J=r 0 , or equivalently ðK I =r 0 Þ 2 . The quantity J=r 0 defines approximately the value of crack-tip opening displacement and provides a physically meaningful length-scale for normalization. Furthermore, both cases show monotonically increasing stress values as the tip is approached in contrast to a finite strain, blunting crack tip solution which achieves a peak value near X 1 =ðJ=r 0 Þ ¼ 1 for the stationary crack (Liang et al., 2004) . In both cases, r m =r 0 is significantly higher than r e =r 0 , indicating high levels of stress triaxiality. Consistent with the response for materials without hydrogen, the stationary crack exhibits a higher stress gradient than does the growing crack. The present growing crack solutions Table 1 Material properties of hydrogen charged Nb system with high solubility and relatively high diffusivity (Baker and Birnbaum, 1972; Volkl and Alefeld, 1978; Sofronis et al., 2001 Table 2 Set of varied material parameters and associated flow stress reduction. reflect the asymptotic analyses of Rice and Sorensen (1978) who show that opening displacements exhibit a lower order singularity than for a stationary crack. Their results imply reduced strains and stresses for a growing crack, as shown here in Fig. 2 . Although not shown here, different but self-similar solutions also exist for nonzero values of T-stress as implied from standard dimensional considerations of the SSY conditions. When the T-stress is held constant, for example at T=r 0 ¼ À0:4, the fields also exhibit invariance with increasing applied K I (as exists in the absence of hydrogen). Given the self-similar nature of these steady-growth fields with and without T-stress, all subsequent analyses described here employ a single level of applied remote load K I ¼ 200 MPa ffiffiffiffi ffi m p ðJ ¼ 308 kJ=m 2 Þ, with and without T-stress, and normalize the fields appropriately.
3.2. Effect of imposed constraint and hydrogen-induced softening on stress fields TÀstress collapse into the same r m =r 0 ratio for this set of material parameters over distances 0 < X 1 =ðJ=r 0 Þ < 3. The Varias and Shih (1993) results presume no hydrogen-material coupling and reveal similar behavior near the tip. At X 1 =ðJ=r 0 Þ > 3, solutions for the positive and negative constraint conditions diverge in both hydrogen charged and free ðc n ¼ À4 equals 93% and 92%, respectively, of the mean stress for a hydrogen free material, if T=r 0 ¼ 0. Similar interactions among the mean stress, the imposed constraint levels, and the initial hydrogen concentration occur in both softening and non-softening materials.
Although not shown in a figure, the scaled levels of total hydrogen concentration, c=c The effect of constraint and initial hydrogen concentration on the Von Mises stress declines compared with the corresponding effect on the mean stress. The Von Mises stress depends more strongly on hydrogen-induced material softening than the mean stress, e.g. a five percent initial reduction in the yield stress produces a 10% decrease in the Von Mises stress from the non-softening value at X 1 =ðJ=r 0 Þ ¼ 4.
Effect of imposed constraint and hydrogen-induced softening on triaxiality
The quantity 3r m =2r e defines a convenient measure of triaxiality linked to the growth rate of micro-scale voids consistent with the subsequently introduced damage measure. This designation of triaxiality differs slightly from the sometimes used measure, r m =r e , by a non-dimensional factor of 1.5 that does not lead to any change in the interpretation of the present computational results. Fig. 4 reveals that hydrogen-induced softening influences strongly the triaxiality well ahead of a steadily growing crack in a hydrogenated material. Hydrogen concentration and imposed constraint levels affect triaxiality to a lesser extent. Larger reductions of the initial yield stress enhances the triaxiality values of a propagating crack, and all material combinations in a hydrogen charged material produce triaxiality values above the triaxiality values found in a hydrogen free material-in contrast to a stationary crack.
Positive and negative imposed constraint levels reduce slightly the triaxiality far from the tip of a steadily growing crack, but the influence of constraint differences diminishes very near the crack tip. Positive constraint, shown in Fig. 4(b) , suppresses triaxiality somewhat less than negative constraint configurations, shown in Fig. 4(c) . Constraint effects manifest more readily in materials with high concentration of initial hydrogen, though these effects also exist for materials without hydrogen. As in the T=r 0 ¼ 0 case, large values of initial hydrogen reduce triaxiality far from the crack, and approaching the crack tip, a reduction of the flow stress, r y ð0; c 0 L Þ, corresponds to an increase of triaxiality.
Generally, the initial reduction of the yield stress dominates the influence of all other variables on triaxiality. Far from the crack tip, an applied non-zero T-stress decreases modestly the triaxiality; similarly, a high initial concentration of hydrogen suppress triaxiality development. Near the crack tip, the triaxiality values vary according to the initial reduction of the yield stress. In the present study, no combination of imposed constraint levels or initial hydrogen concentration exists which influences triaxiality levels more strongly than the initial reduction of the yield stress. Overall, hydrogen enhances the plastic flow ahead of a steadily propagating crack, especially at distances X 1 =ðJ=r 0 Þ > 1, relative to a material without hydrogen (the c 0 L ¼ 0 case). Both positive and negative constraint conditions ðT=r 0 ¼ AE0:4Þ reduce the plastic strains relative to the T=r 0 ¼ 0 condition, in material with and without hydrogen. These responses influence directly the relative void growth rates discussed in the following section. In low constraint configurations, i.e. T=r 0 < 0, the intensity of plastic strain rises to a greater extent under high concentrations of initial hydrogen than under large initial reductions of the yield stress due to softening. In high constraint configurations, i.e. T=r P 0, large initial reductions of the yield stress due to softening lead to larger values of plastic strain, with a negligible effect due to the value of initial hydrogen concentration. Highly softening materials with a large initial hydrogen concentration exhibit the largest plastic strain values far from the crack tip, X 1 =ðJ=r 0 Þ > 1; near the crack tip, the effect of hydrogen-induced softening on plastic strain becomes more complex.
Damage parameters for hydrogen assisted steady crack growth
Within a hydrogen-charged material, crack propagation leads to failure through a ductile void growth and coalescence mechanism. The first subsection here adopts a simple and popular measure for the rate of void growth that depends linearly on the equivalent plastic strain rate and exponentially on the triaxiality. The second subsection provides the key results of the numerical simulations and focuses on void growth ahead of a steadily propagating crack as affected by imposed constraint levels, the initial hydrogen concentration, and the initial reduction of the yield stress. Rice and Tracey (1969) model the growth of a spherical void in a non-hardening plastic material, which deforms according to the Von Mises flow rule. Mean and uniform deviatoric strain rates applied at the remote boundary lead to an exponential expansion of an isolated void of radius R such that the rate of change _ R follows the simple relationship:
Void growth damage parameter
The positive, non-dimensional constant, B, depends on components of the principal strain rates applied at the remote boundary (under uniaxial tension, B ¼ 0:283Þ. The simplified model of Eq. (6) neglects a potential increase in the rate of void growth from internal pressure exerted by the presence of molecular hydrogen that may exist within the void. Hydrogen gas pressures associated with lattice concentrations of 0.01 H/M considered in the present work are negligibly small considering that niobium is an exothermic occluder of hydrogen with heat of solution equal to À8.6 Kcal/mole (Lee, 1976) . The isolated void idealization in Eq. (6) requires consideration of the potential for strong coalescence effects at large void growth levels. Liang et al. (2008) investigate the effect of hydrogen on void coalescence for the same niobium-like material. They demonstrate no influence of hydrogen on void coalescence in a unit cell for triaxiality values ð3r m =2r e Þ greater than approximately 1.5 when the number of trapping sites per trap ðaÞ equals one, as in the present study. Hydrogen does influence void coalescence in structural metals not considered here. Hydrogen in materials with a ¼ 10, i.e. trapping at stronger defects than dislocations (grain boundaries or precipitates), strongly promotes void coalescence under low triaxiality (Liang et al., 2008) . Ahn et al. (2007) show that hydrogen significantly accelerates void coalescence in an A533B steel where a ¼ 1 even for triaxiality values as large as 4.5. Eq. (6) measures the void growth rate for a single void without consideration of coalescence with adjacent voids and, for this niobium-like material with a ¼ 1, provides a good estimate of void growth ahead of a steadily propagating crack where large triaxiality values occur, as shown in Fig. 4 .
For a specified initial void radius of R 0 , integration of Eq. (6) over the history of loading-e p ðtÞ; r e ðtÞ, and r m ðtÞ-yields the current radius of the void at time t. The variable f denotes a convenient, nondimensional measure of the extent of ductile void growth based on Eq. (6) and defined as . Fig. 6 displays the ratio f=f ref along the ligament ahead of a steadily propagating crack, where combinations of imposed constraint, initial hydrogen concentration, and the intensity of hydrogen-induced softening govern the value of f. Table 2 displays the effect of these parameters on the initial yield stress reduction. A ratio f=f ref > 1 indicates acceleration of ductile void growth due to the HELP mechanism with respect to a hydrogen free material under zero T-stress. This ratio varies with distance ahead of a propagating crack, as well as ahead of a stationary crack tip (Liang et al., 2004) , and depends highly on material and remote loading combinations. Varias and Shih (1993) . Taken together, these results suggest that the J À Da crack growth resistance curves for a hydrogen-charged material will exhibit a reduced resistance to growth compared to materials without hydrogen in both high and low imposed constraint configurations.
Effect of imposed constraint and hydrogen-induced softening on void growth
The f=f ref ratios of a zero T-stress configuration, shown in Fig. 6(a) , depend primarily on the initial reduction of the yield stress due to softening and secondarily on the concentration of initial hydrogen. Hydrogen-induced material softening promotes void growth, while high initial concentrations of hydrogen suppress void growth for a fixed value of initial reduction of the yield stress due to softening. For example, materials having a 10% reduction of the yield stress, r y ð0; c 0 L Þ, exhibit higher levels of void growth than materials with a lower yield stress reduction, irrespective of the value of initial hydrogen, c For negative imposed constraint, Fig. 6(c) shows that the f=f ref ratios cluster into two groups differentiated by the initial reduction of the yield stress. The lowest curve on the figure, corresponding to a material without hydrogen, reveals a void growth damage parameter having similar values to the positive T=r 0 configuration. This figure also reveals that the negative constraint configuration diminishes the influence of initial values of hydrogen concentration on the void-growth damage parameter compared with the T P 0 cases. High concentrations of initial hydrogen in a material, under a negative constraint configuration, generate comparatively higher values of plastic strain and offset the reduced triaxiality in the f calculations. Thus, materials with the same initial reduction of the flow stress exhibit very similar void-growth damage parameters in a low constraint configuration.
Numerical results for hydrogenated materials in the limit of a non-softening response are not shown. In such materials, the void-growth damage parameter is always lower than for the hydrogen free case, c 0 L ¼ 0, at the same level of imposed constraint. The void-growth damage parameter in a moderate initial concentration of hydrogen ðc 0 L 6 0:001 H=MÞ differs negligibly from the damage parameter in hydrogen free materials. At larger initial concentrations of hydrogen, the void growth diminishes modestly, e.g. for a zero T-stress, the f=f ref value of a non-softening material with c 0 L ¼ 0:01 H=M at X 1 =ðJ=r 0 Þ ¼ 1 equals 0.95, i.e., only a five percent reduction. Under negative imposed constraint, the void growth, damage parameter curves for non-softening materials cluster around the hydrogen free values.
Discussion and conclusions
This study describes the computational model and key results for steady-state, crack growth analyses in a high solubility material, e.g. niobium, under small deformation assumptions in the presence of hydrogen. The constitutive response follows a continuum description predicated on the hydrogen enhanced, localized plasticity (HELP) mechanism. The hydrogen atoms in lattice and trap sites remain in equilibrium with the mean stress and equivalent plastic strain, e p . Further, the total hydrogen concentration, c, and the intensity of hydrogen-induced softening, n, determine the local flow stress at each material point. In the present study, we examine effects on the near tip fields by varying: the initial concentration of hydrogen, c 0 L ; the initial yield stress, r 0 , which varies with c 0 L ; and the imposed constraint, characterized by the remote T-stress. In these small-scale yielding models, near tip fields of a steadily propagating crack in the presence of hydrogen exhibit self-similar behavior when distances ahead of the crack front are scaled by J=r 0 . This behavior also holds at each level of non-zero T-stress loading, where the normalized crack-tip fields remain self-similar and unique for the T-stress value, invariant of imposed remote K I levels. All analyses occur here under a stress intensity factor, applied remotely, of K I ¼ 200 MPa ffiffiffiffi ffi m p selected for convenience to define a well-contained plastic zone within the specified finite element mesh. A void-growth damage parameter, f, depends exponentially on a triaxiality parameter ð3r m =2r e Þ and linearly on the equivalent plastic strain. This parameter quantifies the level of damage from void growth along the ligament ahead of an advancing crack tip. From the results of these analyses, the following key conclusions hold:
1. Hydrogen-induced plasticity accelerates void growth rates relative to the rates of a hydrogen free material subjected to the same crack-tip field. The void growth rate depends strongly on the complex relationship among the initial concentration of hydrogen ðc 0 L Þ, the rate of hydrogen induced softening ðnÞ, and the applied crack-tip constraint level ðT=r 0 Þ. In the damage model adopted here, the void growth rate increases exponentially with triaxiality ð3r m =2r e Þ; triaxiality rises primarily as the initial yield stress decreases and rises secondarily as the hydrogen-induced relaxation of the mean stress decreases due to the reduced dilatation that relaxes the normal stresses. For materials with the same hydrogen-induced reduction of the initial yield stress, r y ð0; c 0 L Þ=r 0 , due to a specific combination of c 0 L and n, the void growth rate is smaller at the larger initial concentration of hydrogen, due to the reduction of the triaxiality with increasing values for the initial concentration of hydrogen, as shown in Fig. 4 . In particular, the parameter set c 0 L ¼ 0:001 H=M; n ¼ À99 generates the largest void growth levels of all examined material combinations and levels of constraint. The numerical results reveal the increased triaxiality due to the large initial reduction of the yield stress (ten percent of r 0 Þ coupled with the small initial concentration of hydrogen for this parameter set. Similarly, a high value for the initial concentration of hydrogen leads to the smallest levels of void growth in the limit of a non-softening material. Without softening, a larger initial concentration of hydrogen increases the dilatational effect that lowers the mean stress, that reduces the triaxiality, and that consequently, reduces void growth. However, the effect of material softening in the presence of hydrogen to amplify void growth overwhelms the dilatational effect of hydrogen to lessen void growth. Thus, void growth ahead of a steadily propagating crack increases in the presence of hydrogen compared to the void growth in a hydrogen-free material.
2. As a consequence of the accelerated void growth, lower crackgrowth resistance curves (R-curves) are to be expected in a material that exhibits hydrogen-induced softening compared to those for a hydrogen free material at each constraint level ðT=r 0 Þ. Testing programs to assess the impact of hydrogen on fracture toughness through R-curves should be expanded to examine low-constraint configurations, for example SE(T)s, to supplement tests performed on standard high-constraint, deep-notch C(T)s and SE(B)s. Existing practice assumes these high-constraint specimens will always provide the lowest Rcurves and will thus be conservative for design and defect assessment purposes. The present results indicate that specimen configurations with lower constraint, SE(T)s, may generate reduced R-curves in the presence of hydrogen. These key observations concur with those in the previous work of Ahn et al. (2007a,b) , who consider only the earliest stages of ductile crack extension in the presence of hydrogen as the crack grows through the initial plastic region formed as the sharp-crack tip blunts before tearing. 3. For stationary cracks without hydrogen, previous work demonstrates that positive (negative) T-stress increases (decreases) the triaxiality and consequently increases (reduces) void growth rates. Notably, the same trends do not hold for the steadily propagating crack, as first shown by Varias and Shih (1993) in the absence of hydrogen. Non-zero imposed constraint levels ðT=r 0 -0Þ, either positive or negative, suppress void growth rates in steadily propagating cracks for both hydrogen charged and hydrogen free materials, compared to the zero T-stress configuration. During steady-state crack growth, non-zero values of the applied T-stress reduce the mean stress ahead of the propagating crack (see Fig. 3 ). Reduction of the mean stress implies reduction of the triaxiality as can be readily seen in Fig. 4 for the hydrogen-free material. The magnitude of the corresponding reduction of void growth depends on the sign of the T-stress. Under high constraint, the relationships of the void-growth damage parameter among the various material sets remain unchanged, but reduced, relative to the zero T-stress configuration. In a low constraint configuration, void growth rates cluster together depending on the reduction of the initial flow stress due to softening, regardless of the concentration of initial hydrogen. This consistency of response for a propagating crack does not occur in a blunting, stationary crack tip. 4. The triaxiality parameter, 3r m =2r e , connected to the void growth rate, increases strongly with the initial reduction of the yield stress due to softening and decreases modestly with the initial hydrogen concentration and the imposed, non-zero T-stress. For distances X 1 =ðJ=r 0 Þ < 1, the triaxiality values separate into groups of increasing magnitude, controlled by the initial value of the flow stress reduction. 5. At a fixed level of imposed constraint, hydrogen-induced plasticity raises the plastic strain ahead of a propagating crack, relative to the values of plastic strain for a hydrogen free material. If T=r 0 < 0, then increasing the initial concentration of hydrogen will increase the plastic strain ahead of the crack tip more than increasing the hydrogen-induced reduction of the initial flow stress. Alternatively for T=r 0 P 0, lowering the initial flow stress facilitates plastic yielding beyond the amount gained by increasing the concentration of initial hydrogen.
The present calculations indicate that acceleration of void growth by hydrogen depends primarily on reduction of the initial yield stress due to softening and secondarily on relaxation of the mean stress by hydrogen-induced dilatation. This result implies that even when the relaxation is small, as in low solubility systems such as steels, the primary driver of increased void growth remains the hydrogen-induced reduction of flow stress. Experimental results do show that hydrogen reduces the flow stress substantially in iron systems (Tabata and Birnbaum, 1983) . The present results demonstrate that low initial concentrations of hydrogen together with a high reduction rate ðnÞ for the flow stress can produce large rates of void growth ahead of extending cracks. Our results do not suggest the absence of softening for large concentrations of hydrogen under other conditions/material systems. Here we do find that even small hydrogen concentrations and an appropriate rate of hydrogen-induced softening generate high void growth rates driving ductile fracture processes (Garber et al., 1981; Bernstein and Thompson, 1984) . Perhaps this lack of strong dependence on the initial concentration of hydrogen supports the assertion that operation of the HELP mechanism does not require large hydrogen accumulations or supersaturations of the host metal lattice. Thus, one might argue the HELP mechanism for fracture through void growth acceleration operates equally well in low solubility systems, e.g. steels, in which hydrogen dissolves in amounts that are substantially lower than the ones examined in the present study. These studies are in-progress.
where r ij denotes the components of the stress tensor; b i defines the components of the body force; q is the material density; u i equals the components of the displacements; and standard indicial notation rules apply to Eq. (A-1) and subsequent equations with indices of 1, 2, and 3. Under quasi-static conditions, the crack tip velocity approaches zero, and the inertial terms in Eq. A-2 become negligible.
The steady-growth assumption does not affect the kinematic or constitutive relations of the boundary value problem. By adopting infinitesimal strain theory, the total strain, e ij ¼ A set of virtual quantities, denoted by dðÅÞ, may be specified. Using standard arguments, the principle of virtual work states that for the quasi-static, steady-growth problem in a domain X and under tractions T i along the boundary @X:
ðA-5Þ
To determine the inelastic terms in Eq. A-5, the computational procedures integrate incrementally the rate equations using the following idea: There exists a series of points A; B; C; . . . ; Z ordered left to right along a streamline parallel to the X axis. The material at point A has passed through points B; C; . . . ; Z, and in passing through these points, A has experienced the mechanical fields which currently exist at B; C; . . . ; Z, where Z is arbitrarily taken as the rightmost remote boundary. If a mechanical state, e.g. e g ij , at A is unknown, it can then be found by integrating through B; C; . . . ; Z, from Z to A, which according to Eq. A-1, is equivalent to integrating these equations through time.
The following steps outline the algorithm proposed by Dean and Hutchinson (1980) 1. Compute the linear elastic system stiffness matrix K sys from the assembled set of element stiffness matrices
where B denotes the strain displacement matrix and E equals the linear elastic constitutive relationship in matrix form. 2. For a specified stress intensity factor, K I , and T-stress value, T, compute the full value of the displacements at the remote boundary points ðr; hÞ from the asymptotic expansion of the mode I solution:
ffiffiffiffiffiffi ffi r 2p where l; E, and m are the shear modulus, Young's modulus, and Poisson's ratio, respectively; and j equals 3 À 4m for plane strain.
Impose these specified displacements on the finite element model. In the present work, we implement this procedure by standard partitioning of the displacements and a corresponding partitioning of the stiffness matrix, which leads to an efficient computation procedure. 3. Solve the system of linear equations K sys U sys ¼ P sys for U sys .
4. Compute the total strains e ¼ Bu elm for each element, where u elm is extracted from U sys using standard methods. Integrate the inelastic constitutive equations along streamlines through element centroids to calculate the inelastic strains e g . For the i þ 1 element, increment the strains by De ¼ e iþ1 À e i , where e iþ1 is the total strain at the i þ 1 element; and e i and is the total strain at the i element, i.e. the element immediately to the right of the i þ 1 element. The initial conditions for the i þ 1 element are the values of the converged solution of the i element. 5. Solve the system of equations K sys U sys ¼ P sys À R elm B T Ee g dA for U sys .
6. Check for convergence. The criteria compares the current value of the residual force vector, R, and the original value of the residual force vector, R 0 , such that the analysis converges when kRk 6 tolkR 0 k where kÅk signifies the L 2 norm of the quantity Å.
The tolerance for all analyses is 0.01-0.02. Most of the unbalanced residual forces occur along the model boundary far behind the advancing crack tip where the imposed linear-elastic, asymptotic displacements conflict with the inelastic response. In a semi-circular region with a radius equal to half the distance from the remote boundary to the crack tip, the residual norm drops to the order of 10 À4 of kR 0 k. Additional iterations to further reduce the residual do not affect the values for the displacements, stresses or strains. If the convergence criterion is not met, return to step 4. where C e equals the linear-elastic constitutive matrix.
The determination of the local stresses requires the computation of c which is found from the relationship:
Here, C L and C T equal the concentration of hydrogen atoms per unit volume at the NILS and trap sites, respectively, and N L defines the number of solvent atoms per unit lattice volume. If N A denotes Avogadro's number, then
The values of the hydrogen occupancy at NILS, h L , and at trap sites, h T , determine the values of C L and C T , respectively. Thus, at a NILS, where q 0 equals the initial dislocation density; and c is a known parameter. Table 1 lists the material properties used in the present study. The numerical implementation of this constitutive model employs a backwards Euler integration scheme during the computation of the updated stresses and strains. At the beginning of each update, the algorithm calculates a trial stress based on an assumed linear-elastic response and checks this result against the current value of the yield stress. If material does not yield, only strains influenced by the hydrogen concentration are updated; otherwise, the algorithm solves for both the new values of the plastic and hydrogen strains simultaneously. A Newton's method determines the incremental values of De plas and De hyd in both cases. The WARP3D manual (Gullerud et al., 2007) provides additional details regarding the formulation and solution procedures for this constitutive method.
